Cauchy-Jensen additive mappings in quasi-Banach algebras and its applications by Choonkil Park & Abbas Najati
Journal Nonlinear Analysis and Application 2013 (2013) 1-16
Available online at www.ispacs.com/jnaa
Volume 2013, Year 2013 Article ID jnaa-00191, 16 Pages
doi:10.5899/2013/jnaa-00191
Research Article
Cauchy-Jensen additive mappings in quasi-Banach algebras
and its applications
Abbas Najati1, Choonkil Park2∗
(1)Department of Mathematical Sciences, University of Mohaghegh Ardabili, Ardabil 56199-11367, Iran
(2)Research Institute for Natural Sciences, Hanyang University, Seoul 133-791, Korea
Copyright 2013 c ⃝ Abbas Najati and Choonkil Park. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract
In this paper, we prove the Hyers-Ulam stability of homomorphisms in quasi-Banach algebras and of generalized
derivations on quasi-Banach algebras for the following Cauchy-Jensen additive mappings:
f(
x+y
2
+z)+ f(
x−y
2
+z) = f(x)+2f(z);
f(
x+y
2
+z)− f(
x−y
2
+z) = f(y);
2f(
x+y
2
+z) = f(x)+ f(y)+2f(z):
This is applied to investigate isomorphisms in quasi-Banach algebras.
Keywords: 39B72, 46B03, 47Jxx.
1 Introduction and preliminaries
ThestabilityproblemoffunctionalequationsoriginatedfromaquestionofS.M.Ulam[33]concerningthestability
of group homomorphisms: Let (G1;∗) be a group and let (G2;⋄;d) be a metric group with the metric d(·;·). Given
e > 0, does there exist a d(e) > 0 such that if a mapping h : G1 → G2 satisﬁes the inequality
d(h(x∗y);h(x)⋄h(y)) < d
for all x;y ∈ G1, then there is a homomorphism H : G1 → G2 with
d(h(x);H(x)) < e
for all x ∈ G1? If the answer is afﬁrmative, we would say that the equation of homomorphism H(x∗y) = H(x)⋄H(y)
is stable. The concept of stability for a functional equation arises when we replace the functional equation by an
inequality which acts as a perturbation of the equation. Thus the stability question of functional equations is that how
do the solutions of the inequality differ from those of the given functional equation?
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Hyers [8] gave a ﬁrst afﬁrmative answer to the question of Ulam for Banach spaces. Let X and Y be Banach
spaces. Assume that f : X →Y satisﬁes
∥f(x+y)− f(x)− f(y)∥ ≤ e
for all x;y ∈ X and some e ≥ 0: Then there exists a unique additive mapping T : X →Y such that
∥f(x)−T(x)∥ ≤ e
for all x ∈ X:
Th.M. Rassias [27] provided a generalization of Hyers’ Theorem which allows the Cauchy difference to be un-
bounded.
Theorem 1.1. (Th.M. Rassias). Let f : E → E′ be a mapping from a normed vector space E into a Banach space E′
subject to the inequality
∥f(x+y)− f(x)− f(y)∥ ≤ e(∥x∥p+∥y∥p) (1.1)
for all x;y ∈ E, where e and p are constants with e > 0 and p < 1. Then the limit
L(x) = lim
n→¥
f(2nx)
2n
exists for all x ∈ E and L : E → E′ is the unique additive mapping which satisﬁes
∥f(x)−L(x)∥ ≤
2e
2−2p∥x∥p (1.2)
for all x ∈ E. If p < 0 then (1.1) holds for x;y ̸= 0 and (1.2) for x ̸= 0. Also, if for each x ∈ E the function f(tx) is
continuous in t ∈ R, then L is R-linear.
Beginning around the year 1980 the topic of approximate homomorphisms, or the stability of the equation of
homomorphism, was studied by a number of mathematicians. G˘ avruta [7] generalized the Rassias’ result. The
stability problems of several functional equations have been extensively investigated by a number of authors and there
are many interesting results concerning this problem (see [5, 6], [9, 10], [12]–[19], [21]–[23], [28]–[30]).
No continuity conditions are required for this result, but if f(tx) is continuous in the real variable t for each ﬁxed
x∈E, then L is linear, and if f is continuous at a single point of E then L:E →E′ is also continuous. A generalization
of this result was proved by J.M. Rassias [24, 25, 26]. J.M. Rassias assumed the following weaker inequality
∥f(x+y)− f(x)− f(y)∥ ≤ q ·||x||p·||y||q; ∀x;y ∈ E;
involving a product of different powers of norms, where q > 0 and real p;q such that r = p+q ̸= 1, and retained the
condition of continuity f(tx) in t for ﬁxed x. Analogous results could be investigated with additive type equations
involving a product of powers of norms.
Theorem 1.2. [24, 25] Let X be a real normed linear space andY a real complete normed linear space. Assume that
f : X →Y is an approximately additive mapping for which there exist constants q ≥ 0 and p ∈ R −{1} such that f
satisﬁes inequality
∥f(x+y)− f(x)− f(y)∥ ≤ q ·||x||
p
2 ·||y||
p
2
for all x;y ∈ X. Then there exists a unique additive mapping L : X →Y satisfying
∥f(x)−L(x)∥ ≤
q
|2p−2|
||x||p
for all x ∈ X. If, in addition, f : X →Y is a mapping such that the transformation t → f(tx) is continuous in t ∈ R for
each ﬁxed x ∈ X, then L is an R-linear mapping.
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Theorem 1.3. [26] Let X be a real normed linear space and Y a real complete normed linear space. Assume
that f : X → Y is an approximately additive mapping for which there exist constants q ≥ 0 and p;q ∈ R such that
r = p+q ̸= 1 and f satisﬁes inequality
∥f(x+y)− f(x)− f(y)∥ ≤ q ·||x||p·||y||q
for all x;y ∈ X. Then there exists a unique additive mapping L : X →Y satisfying
∥f(x)−L(x)∥ ≤
q
|2r −2|
||x||r
for all x ∈ X. If, in addition, f : X →Y is a mapping such that the transformation t → f(tx) is continuous in t ∈ R for
each ﬁxed x ∈ X, then L is an R-linear mapping.
We recall some basic facts concerning quasi-Banach spaces and some preliminary results.
Deﬁnition 1.1. ([4, 31]) Let X be a real linear space. A quasi-norm is a real-valued function on X satisfying the
following:
(1) ∥x∥ ≥ 0 for all x ∈ X and ∥x∥ = 0 if and only if x = 0.
(2) ∥lx∥ = |l|·∥x∥ for all l ∈ R and all x ∈ X.
(3) There is a constant K ≥ 1 such that ∥x+y∥ ≤ K(∥x∥+∥y∥) for all x;y ∈ X.
The pair (X;∥·∥) is called a quasi-normed space if ∥·∥ is a quasi-norm on X. The smallest possible K is called
the modulus of concavity of ∥·∥.
A quasi-Banach space is a complete quasi-normed space.
A quasi-norm ∥·∥ is called a p-norm (0 < p ≤ 1) if
∥x+y∥p ≤ ∥x∥p+∥y∥p
for all x;y ∈ X. In this case, a quasi-Banach space is called a p-Banach space.
Given a p-norm, the formula d(x;y):=∥x−y∥p gives us a translation invariant metric on X. By the Aoki-Rolewicz
theorem [31] (see also [4]), each quasi-norm is equivalent to some p-norm. Since it is much easier to work with p-
norms than quasi-norms, henceforth we restrict our attention mainly to p-norms.
Deﬁnition1.2. ([1])Let(A;∥·∥)beaquasi-normedspace. Thequasi-normedspace(A;∥·∥)iscalledaquasi-normed
algebra if A is an algebra and there is a constant K > 0 such that ∥xy∥ ≤ K∥x∥·∥y∥ for all x;y ∈ A.
A quasi-Banach algebra is a complete quasi-normed algebra.
If the quasi-norm ∥·∥ is a p-norm then the quasi-Banach algebra is called a p-Banach algebra.
In this paper, assume that A is a quasi-normed algebra with quasi-norm ∥·∥A and that B is a p-Banach algebra
with p-norm ∥·∥B. Let K be the modulus of concavity of ∥·∥B.
In Section 2, we prove the Hyers-Ulam stability of homomorphisms in quasi-Banach algebras for the Cauchy-
Jensen additive mappings.
In Section 3, we investigate isomorphisms between quasi-Banach algebras, associated to the Cauchy-Jensen addi-
tive mappings.
In Section 4, we prove the Hyers-Ulam stability of generalized derivations on quasi-Banach algebras for the
Cauchy-Jensen additive mappings.
2 Stability of homomorphisms in quasi-Banach algebras
For a given mapping f : A → B, we deﬁne
Cf(x;y;z) : = f(
x+y
2
+z)+ f(
x−y
2
+z)− f(x)−2f(z);
Df(x;y;z) : = f(
x+y
2
+z)− f(
x−y
2
+z)− f(y);
E f(x;y;z) : = 2f(
x+y
2
+z)− f(x)− f(y)−2f(z)
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for all x;y;z ∈ A.
We prove the Hyers-Ulam stability of homomorphisms in quasi-Banach algebras for the functional equation
Cf(x;y;z) = 0.
Theorem 2.1. Let r > 2 and q be positive real numbers, and let f : A → B be a mapping such that
∥Cf(x;y;z)∥B ≤ q(∥x∥r
A+∥y∥r
A+∥z∥r
A); (2.3)
∥f(xy)− f(x)f(y)∥B ≤ q(∥x∥r
A+∥y∥r
A) (2.4)
for all x;y;z ∈ A. If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A, then there exists a unique homomorphism
H : A → B such that
∥f(x)−H(x)∥B ≤
3q
(2pr −2p)
1
p
∥x∥r
A (2.5)
for all x ∈ A.
Proof. Letting y = z = x in (2.3), we get
∥f(2x)−2f(x)∥B ≤ 3q∥x∥r
A (2.6)
for all x ∈ A. So
∥f(x)−2f(
x
2
)∥B ≤
3q
2r ∥x∥r
A
for all x ∈ A. Since B is a p-Banach algebra,
∥2l f(
x
2l )−2mf(
x
2m)∥
p
B ≤
m−1
å
j=l
∥2j f(
x
2j)−2j+1 f(
x
2j+1)∥
p
B
≤
3pq p
2pr
m−1
å
j=l
2pj
2prj∥x∥
pr
A (2.7)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (2.7) that the sequence {2n f( x
2n)} is
a Cauchy sequence for all x ∈ A. Since B is complete, the sequence {2n f( x
2n)} converges. So one can deﬁne the
mapping H : A → B by
H(x) := lim
n→¥2n f(
x
2n)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (2.7), we get (2.5).
It follows from (2.3) that
∥H(
x+y
2
+z)+H(
x−y
2
+z)−H(x)−2H(z)∥B
= lim
n→¥
2n∥f(
x+y
2n+1 +
z
2n)+ f(
x−y
2n+1 +
z
2n)− f(
x
2n)−2f(
z
2n)∥B
≤ lim
n→¥
2nq
2nr (∥x∥r
A+∥y∥r
A+∥z∥r
A) = 0
for all x;y;z ∈ A. So
H(
x+y
2
+z)+H(
x−y
2
+z) = H(x)+2H(z)
for all x;y;z ∈ A. By [3, Lemma 2.1], the mapping H : A → B is Cauchy additive.
By the same reasoning as in the proof of Theorem of [27], the mapping H : A → B is R-linear.
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It follows from (2.4) that
∥H(xy)−H(x)H(y)∥B = lim
n→¥
4n∥f(
xy
2n·2n)− f(
x
2n)f(
y
2n)∥B
≤ lim
n→¥
4nq
2nr (∥x∥r
A+∥y∥r
A) = 0
for all x;y ∈ A. So
H(xy) = H(x)H(y)
for all x;y ∈ A.
Now, let T : A → B be another Cauchy-Jensen additive mapping satisfying (2.5). Then we have
∥H(x)−T(x)∥B = 2n∥H(
x
2n)−T(
x
2n)∥B
≤ 2nK(∥H(
x
2n)− f(
x
2n)∥B+∥T(
x
2n)− f(
x
2n)∥B)
≤
6·2nKq
(2pr −2p)
1
p2nr
∥x∥r
A;
which tends to zero as n → ¥ for all x ∈ A. So we can conclude that H(x) = T(x) for all x ∈ A. This proves the
uniqueness of H. Thus the mapping H : A → B is a unique homomorphism satisfying (2.5).
Theorem 2.2. Let r < 1 and q be positive real numbers, and let f : A → B be a mapping satisfying (2.3) and (2.4). If
f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A, then there exists a unique homomorphism H : A → B such that
∥f(x)−H(x)∥B ≤
3q
(2p−2pr)
1
p
∥x∥r
A (2.8)
for all x ∈ A.
Proof. It follows from (2.6) that
∥f(x)−
1
2
f(2x)∥B ≤
3q
2
∥x∥r
A
for all x ∈ A. Since B is a p-Banach algebra,
∥
1
2l f(2lx)−
1
2m f(2mx)∥
p
B ≤
m−1
å
j=l
∥
1
2j f(2jx)−
1
2j+1 f(2j+1x)∥
p
B
≤
3pq p
2p
m−1
å
j=l
2prj
2pj ∥x∥
pr
A (2.9)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (2.9) that the sequence { 1
2n f(2nx)} is
a Cauchy sequence for all x ∈ A. Since B is complete, the sequence { 1
2n f(2nx)} converges. So one can deﬁne the
mapping H : A → B by
H(x) := lim
n→¥
1
2n f(2nx)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (2.9), we get (2.8).
The rest of the proof is similar to the proof of Theorem 2.1.
Theorem 2.3. Let r > 1 and q be positive real numbers, and let f : A → B be a mapping such that
∥Cf(x;y;z)∥B ≤ q ·∥x∥r
A·∥y∥r
A·∥z∥r
A; (2.10)
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∥f(xy)− f(x)f(y)∥B ≤ q ·∥x∥r
A·∥y∥r
A (2.11)
for all x;y;z ∈ A. If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A, then there exists a unique homomorphism
H : A → B such that
∥f(x)−H(x)∥B ≤
q
(8pr −2p)
1
p
∥x∥3r
A (2.12)
for all x ∈ A.
Proof. Letting y = z = x in (2.10), we get
∥f(2x)−2f(x)∥B ≤ q∥x∥3r
A (2.13)
for all x ∈ A. So
∥f(x)−2f(
x
2
)∥B ≤
q
8r∥x∥3r
A
for all x ∈ A. Since B is a p-Banach algebra,
∥2l f(
x
2l )−2mf(
x
2m)∥
p
B ≤
m−1
å
j=l
∥2j f(
x
2j)−2j+1 f(
x
2j+1)∥
p
B
≤
q p
8pr
m−1
å
j=l
2pj
8prj∥x∥
3pr
A (2.14)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (2.14) that the sequence {2n f( x
2n)}
is a Cauchy sequence for all x ∈ A. Since B is complete, the sequence {2n f( x
2n)} converges. So one can deﬁne the
mapping H : A → B by
H(x) := lim
n→¥2n f(
x
2n)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (2.14), we get (2.12).
It follows from (2.11) that
∥H(xy)−H(x)H(y)∥B = lim
n→¥
4n∥f(
xy
2n·2n)− f(
x
2n)f(
y
2n)∥B
≤ lim
n→¥
4nq
4nr ∥x∥r
A·∥y∥r
A = 0
for all x;y ∈ A. So
H(xy) = H(x)H(y)
for all x;y ∈ A.
The rest of the proof is similar to the proof of Theorem 2.1.
Theorem 2.4. Let r < 1
3 and q be positive real numbers, and let f : A → B be a mapping satisfying (2.10) and (2.11).
If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A, then there exists a unique homomorphism H : A → B such that
∥f(x)−H(x)∥B ≤
q
(2p−8pr)
1
p
∥x∥3r
A (2.15)
for all x ∈ A.
Proof. It follows from (2.13) that
∥f(x)−
1
2
f(2x)∥B ≤
q
2
∥x∥3r
A
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for all x ∈ A. Since B is a p-Banach algebra,
∥
1
2l f(2lx)−
1
2m f(2mx)∥
p
B ≤
m−1
å
j=l
∥
1
2j f(2jx)−
1
2j+1 f(2j+1x)∥
p
B
≤
q p
2p
m−1
å
j=l
8prj
2pj ∥x∥
3pr
A (2.16)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (2.16) that the sequence { 1
2n f(2nx)}
is a Cauchy sequence for all x ∈ A. Since B is complete, the sequence { 1
2n f(2nx)} converges. So one can deﬁne the
mapping H : A → B by
H(x) := lim
n→¥
1
2n f(2nx)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (2.16), we get (2.15).
It follows from (2.11) that
∥H(xy)−H(x)H(y)∥B = lim
n→¥
1
4n∥f(2nx·2ny)− f(2nx)f(2ny)∥B
≤ lim
n→¥
4nrq
4n ∥x∥r
A·∥y∥r
A = 0
for all x;y ∈ A. So
H(xy) = H(x)H(y)
for all x;y ∈ A.
The rest of the proof is similar to the proof of Theorem 2.1.
One can obtain similar results for the functional equations Df(x;y;z) = 0 and E f(x;y;z) = 0.
3 Isomorphisms between quasi-Banach algebras
Throughout this section, assume that A is a quasi-Banach algebra with quasi-norm ∥·∥A and unit e and that B is a
p-Banach algebra with p-norm ∥·∥B and unit e′. Let K be the modulus of concavity of ∥·∥B.
Weinvestigateisomorphismsbetweenquasi-Banachalgebras, associatedtothefunctionalequationDf(x;y;z)=0.
Theorem 3.1. Let r > 1 and q be positive real numbers, and let f : A → B be a bijective mapping such that
∥Df(x;y;z)∥B ≤ q(∥x∥r
A+∥y∥r
A+∥z∥r
A); (3.17)
f(xy) = f(x)f(y) (3.18)
for all x;y;z ∈ A. If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A and limn→¥2nf( e
2n) = e′, then the mapping
f : A → B is an isomorphism.
Proof. Letting y = z = x in (3.17), we get
∥f(2x)−2f(x)∥B ≤ 3q∥x∥r
A (3.19)
for all x ∈ A. So
∥f(x)−2f(
x
2
)∥B ≤
3q
2r ∥x∥r
A
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for all x ∈ A. Since B is a p-Banach algebra,
∥2l f(
x
2l )−2mf(
x
2m)∥
p
B ≤
m−1
å
j=l
∥2j f(
x
2j)−2j+1 f(
x
2j+1)∥
p
B
≤
3pq p
2pr
m−1
å
j=l
2pj
2prj∥x∥
pr
A (3.20)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (3.20) that the sequence {2n f( x
2n)}
is a Cauchy sequence for all x ∈ A. Since B is complete, the sequence {2n f( x
2n)} converges. So one can deﬁne the
mapping H : A → B by
H(x) := lim
n→¥
2n f(
x
2n)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (3.20), we get
∥f(x)−H(x)∥B ≤
3q
(2pr −2p)
1
p
∥x∥r
A
for all x ∈ A.
It follows from (3.17) that
∥H(
x+y
2
+z)−H(
x−y
2
+z)−H(y)∥B
= lim
n→¥
2n∥f(
x+y
2n+1 +
z
2n)− f(
x−y
2n+1 +
z
2n)− f(
y
2n)∥B
≤ lim
n→¥
2nq
2nr (∥x∥r
A+∥y∥r
A+∥z∥r
A) = 0
for all x;y;z ∈ A. So
H(
x+y
2
+z)−H(
x−y
2
+z) = H(y)
for all x;y;z ∈ A. By [3, Lemma 2.1], the mapping H : A → B is Cauchy additive.
By the same reasoning as in the proof of Theorem of [27], the mapping H : A → B is R-linear.
Since f(xy) = f(x)f(y) for all x;y ∈ A,
H(xy) = lim
n→¥
4n f(
x
2n ·
y
2n) = lim
n→¥
2n f(
x
2n)·2n f(
y
2n) = H(x)H(y)
for all x;y ∈ A. So the mapping H : A → B is a homomorphism.
It follows from (3.18) that
H(x) = H(ex) = lim
n→¥
2n f(
ex
2n) = lim
n→¥
2n f(
e
2n ·x) = lim
n→¥
2nf(
e
2n)f(x)
= e′ f(x) = f(x)
for all x ∈ A. So the bijective mapping f : A → B is an isomorphism.
Theorem 3.2. Let r < 1 and q be positive real numbers, and let f : A → B be a bijective mapping satisfying (3.17)
and (3.18). If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A and limn→¥
1
2n f(2ne) = e′, then the mapping f : A → B
is an isomorphism.
Proof. It follows from (3.19) that
∥f(x)−
1
2
f(2x)∥B ≤
3q
2
∥x∥r
A
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for all x ∈ A. Since B is a p-Banach algebra,
∥
1
2l f(2lx)−
1
2m f(2mx)∥
p
B ≤
m−1
å
j=l
∥
1
2j f(2jx)−
1
2j+1 f(2j+1x)∥
p
B
≤
3pq p
2p
m−1
å
j=l
2prj
2pj ∥x∥
pr
A (3.21)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (3.21) that the sequence { 1
2n f(2nx)}
is a Cauchy sequence for all x ∈ A. Since B is complete, the sequence { 1
2n f(2nx)} converges. So one can deﬁne the
mapping H : A → B by
H(x) := lim
n→¥
1
2n f(2nx)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (3.21), we get
∥f(x)−H(x)∥B ≤
3q
(2p−2pr)
1
p
∥x∥r
A
for all x ∈ A.
The rest of the proof is similar to the proof of Theorem 3.1.
Theorem 3.3. Let r > 1
3 and q be positive real numbers, and let f : A → B be a bijective mapping satisfying (3.18)
such that
∥Df(x;y;z)∥B ≤ q ·∥x∥r
A·∥y∥r
A·∥z∥r
A (3.22)
for all x;y;z ∈ A. If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A and limn→¥2nf( e
2n) = e′, then the mapping
f : A → B is an isomorphism.
Proof. Letting y = z = x in (3.22), we get
∥f(2x)−2f(x)∥B ≤ q∥x∥3r
A (3.23)
for all x ∈ A. So
∥f(x)−2f(
x
2
)∥B ≤
q
8r∥x∥3r
A
for all x ∈ A. Since B is a p-Banach algebra,
∥2l f(
x
2l )−2mf(
x
2m)∥
p
B ≤
m−1
å
j=l
∥2j f(
x
2j)−2j+1 f(
x
2j+1)∥
p
B
≤
q p
8pr
m−1
å
j=l
2pj
8prj∥x∥
3pr
A (3.24)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (3.24) that the sequence {2n f( x
2n)}
is a Cauchy sequence for all x ∈ A. Since B is complete, the sequence {2n f( x
2n)} converges. So one can deﬁne the
mapping H : A → B by
H(x) := lim
n→¥
2n f(
x
2n)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (3.24), we get
∥f(x)−H(x)∥B ≤
q
(8pr −2p)
1
p
∥x∥3r
A
for all x ∈ A.
The rest of the proof is similar to the proofs of Theorems 2.3 and 3.1.
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Theorem 3.4. Let r < 1
3 and q be positive real numbers, and let f : A → B be a bijective mapping satisfying (3.18)
and (3.22). If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A and limn→¥
1
2n f(2ne) = e′, then the mapping f : A → B
is an isomorphism.
Proof. It follows from (3.23) that
∥f(x)−
1
2
f(2x)∥B ≤
q
2
∥x∥3r
A
for all x ∈ A. Since B is a p-Banach algebra,
∥
1
2l f(2lx)−
1
2m f(2mx)∥
p
B ≤
m−1
å
j=l
∥
1
2j f(2jx)−
1
2j+1 f(2j+1x)∥
p
B
≤
q p
2p
m−1
å
j=l
8prj
2pj ∥x∥
3pr
A (3.25)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (3.25) that the sequence { 1
2n f(2nx)}
is a Cauchy sequence for all x ∈ A. Since B is complete, the sequence { 1
2n f(2nx)} converges. So one can deﬁne the
mapping H : A → B by
H(x) := lim
n→¥
1
2n f(2nx)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (3.25), we get
∥f(x)−H(x)∥B ≤
q
(2p−8pr)
1
p
∥x∥3r
A
for all x ∈ A.
The rest of the proof is similar to the proof of Theorems 2.4 and 3.1.
One can obtain similar results for the functional equationsCf(x;y;z) = 0 and E f(x;y;z) = 0.
4 Stability of generalized derivations on quasi-Banach algebras
Throughout this section, assume that A is a p-Banach algebra with p-norm ∥·∥A. Let K be the modulus of
concavity of ∥·∥A.
Deﬁnition 4.1. [2] A generalized derivation d : A → A is R-linear and fulﬁlls the generalized Leibniz rule
d(xyz) = d(xy)z−xd(y)z+xd(yz)
for all x;y;z ∈ A.
We prove the Hyers-Ulam stability of generalized derivations on quasi-Banach algebras for the functional equation
E f(x;y;z) = 0.
Theorem 4.1. Let r > 3 and q be positive real numbers, and let f : A → A be a mapping such that
∥E f(x;y;z)∥A ≤ q(∥x∥r
A+∥y∥r
A+∥z∥r
A); (4.26)
∥f(xyz)− f(xy)z+xf(y)z−xf(yz)∥A ≤ q(∥x∥r
A+∥y∥r
A+∥z∥r
A) (4.27)
for all x;y;z ∈ A. If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A, then there exists a unique generalized derivation
d : A → A such that
∥f(x)−d(x)∥A ≤
3q
2(2pr −2p)
1
p
∥x∥r
A (4.28)
for all x ∈ A.
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Proof. Letting y = z = x in (4.26), we get
∥2f(2x)−4f(x)∥A ≤ 3q∥x∥r
A (4.29)
for all x ∈ A. So
∥f(x)−2f(
x
2
)∥A ≤
3q
2r+1∥x∥r
A
for all x ∈ A.
Since A is a p-Banach algebra,
∥2l f(
x
2l )−2mf(
x
2m)∥
p
A ≤
m−1
å
j=l
∥2j f(
x
2j)−2j+1 f(
x
2j+1)∥
p
A
≤
3pq p
2p·2pr
m−1
å
j=l
2pj
2prj∥x∥
pr
A (4.30)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (4.30) that the sequence {2n f( x
2n)}
is a Cauchy sequence for all x ∈ A. Since A is complete, the sequence {2n f( x
2n)} converges. So one can deﬁne the
mapping d : A → A by
d(x) := lim
n→¥
2nf(
x
2n)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (4.30), we get (4.28).
It follows from (4.26) that
∥2d(
x+y
2
+z)−d(x)−d(y)−2d(z)∥A
= lim
n→¥
2n∥2f(
x+y
2n+1 +
z
2n)− f(
x
2n)− f(
y
2n)−2f(
z
2n)∥A
≤ lim
n→¥
2nq
2nr (∥x∥r
A+∥y∥r
A+∥z∥r
A) = 0
for all x;y;z ∈ A. So
d(
x+y
2
+z) = d(x)+d(y)+2d(z)
for all x;y;z ∈ A. By [3, Lemma 2.1], the mapping d : A → A is Cauchy additive.
By the same reasoning as in the proof of Theorem of [27], the mapping d : A → A is R-linear.
It follows from (4.27) that
∥d(xyz)−d(xy)z+xd(y)z−xd(yz)∥A
= lim
n→¥
8n∥f(
xyz
8n )− f(
xy
4n)
z
2n +
x
2n f(
y
2n)
y
2n −
x
2n f(
yz
4n)∥A
≤ lim
n→¥
8nq
2nr (∥x∥r
A+∥y∥r
A+∥z∥r
A) = 0
for all x;y;z ∈ A. So
d(xyz) = d(xy)z−xd(y)z+xd(yz)
for all x;y;z ∈ A.
Now, let T : A → A be another Cauchy-Jensen additive mapping satisfying (4.28). Then we have
∥d(x)−T(x)∥A = 2n∥d(
x
2n)−T(
x
2n)∥A
≤ 2nK(∥d(
x
2n)− f(
x
2n)∥A+∥T(
x
2n)− f(
x
2n)∥A)
≤
3·2nKq
(2pr −2p)
1
p2nr
∥x∥r
A;
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which tends to zero as n → ¥ for all x ∈ A. So we can conclude that d(x) = T(x) for all x ∈ A. This proves the
uniqueness of d. Thus the mapping d : A → A is a unique generalized derivation satisfying (4.28).
Theorem 4.2. Let r < 1 and q be positive real numbers, and let f : A → A be a mapping satisfying (4.26) and (4.27).
If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A, then there exists a unique generalized derivation d : A → A such
that
∥f(x)−d(x)∥A ≤
3q
2(2p−2pr)
1
p
∥x∥r
A (4.31)
for all x ∈ A.
Proof. It follows from (4.29) that
∥f(x)−
1
2
f(2x)∥A ≤
3q
4
∥x∥r
A
for all x ∈ A. Since A is a p-Banach algebra,
∥
1
2l f(2lx)−
1
2m f(2mx)∥
p
A ≤
m−1
å
j=l
∥
1
2j f(2jx)−
1
2j+1 f(2j+1x)∥
p
A
≤
3pq p
4p
m−1
å
j=l
2prj
2pj ∥x∥
pr
A (4.32)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (4.32) that the sequence { 1
2n f(2nx)}
is a Cauchy sequence for all x ∈ A. Since A is complete, the sequence { 1
2n f(2nx)} converges. So one can deﬁne the
mapping d : A → A by
d(x) := lim
n→¥
1
2n f(2nx)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (4.32), we get (4.31).
The rest of the proof is similar to the proof of Theorem 4.1.
Theorem 4.3. Let r > 1 and q be positive real numbers, and let f : A → A be a mapping such that
∥E f(x;y;z)∥A ≤ q ·∥x∥r
A·∥y∥r
A·∥z∥r
A; (4.33)
∥f(xyz)− f(xy)z+xf(y)z−xf(yz)∥A ≤ q ·∥x∥r
A·∥y∥r
A·∥z∥r
A (4.34)
for all x;y;z ∈ A. If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A, then there exists a unique generalized derivation
d : A → A such that
∥f(x)−d(x)∥A ≤
q
2(8pr −2p)
1
p
∥x∥3r
A (4.35)
for all x ∈ A.
Proof. Letting y = z = x in (4.33), we get
∥2f(2x)−4f(x)∥A ≤ q∥x∥3r
A (4.36)
for all x ∈ A. So
∥f(x)−2f(
x
2
)∥A ≤
q
2·8r∥x∥3r
A
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for all x ∈ A. Since A is a p-Banach algebra,
∥2l f(
x
2l )−2mf(
x
2m)∥
p
A ≤
m−1
å
j=l
∥2j f(
x
2j)−2j+1 f(
x
2j+1)∥
p
A
≤
q p
2p·8pr
m−1
å
j=l
2pj
8prj∥x∥
3pr
A (4.37)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (4.37) that the sequence {2n f( x
2n)}
is a Cauchy sequence for all x ∈ A. Since A is complete, the sequence {2n f( x
2n)} converges. So one can deﬁne the
mapping d : A → A by
d(x) := lim
n→¥
2nf(
x
2n)
for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (4.37), we get (4.35).
It follows from (4.34) that
∥d(xyz)−d(xy)z+xd(y)z−xd(yz)∥A
= lim
n→¥
8n∥f(
xyz
8n )− f(
xy
4n)
z
2n +
x
2n f(
y
2n)
z
2n −
x
2n f(
yz
4n)∥A
≤ lim
n→¥
8nq
8nr ∥x∥r
A·∥y∥r
A·∥z∥r
A = 0
for all x;y;z ∈ A. So
d(xyz) = d(xy)z−xd(y)z+xd(yz)
for all x;y;z ∈ A.
The rest of the proof is similar to the proof of Theorem 4.1.
Theorem 4.4. Let r < 1
3 and q be positive real numbers, and let f : A → A be a mapping satisfying (4.33) and (4.34).
If f(tx) is continuous in t ∈ R for each ﬁxed x ∈ A, then there exists a unique generalized derivation d : A → A such
that
∥f(x)−d(x)∥A ≤
q
2(2p−8pr)
1
p
∥x∥3r
A (4.38)
for all x ∈ A.
Proof. It follows from (4.36) that
∥f(x)−
1
2
f(2x)∥A ≤
q
4
∥x∥3r
A
for all x ∈ A. Since A is a p-Banach algebra,
∥
1
2l f(2lx)−
1
2m f(2mx)∥
p
A ≤
m−1
å
j=l
∥
1
2j f(2jx)−
1
2j+1 f(2j+1x)∥
p
A
≤
q p
4p
m−1
å
j=l
8prj
2pj ∥x∥
3pr
A (4.39)
for all nonnegative integers m and l with m > l and all x ∈ A. It follows from (4.39) that the sequence { 1
2n f(2nx)}
is a Cauchy sequence for all x ∈ A. Since A is complete, the sequence { 1
2n f(2nx)} converges. So one can deﬁne the
mapping d : A → A by
d(x) := lim
n→¥
1
2n f(2nx)
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for all x ∈ A. Moreover, letting l = 0 and passing the limit m → ¥ in (4.39), we get (4.38).
It follows from (4.34) that
∥d(xyz)−d(xy)z+xd(y)z−xd(yz)∥A
= lim
n→¥
1
8n∥f(8nxyz)− f(4nxy)·2nz+2nxf(2ny)·2nz−2nxf(4nyz)∥A
≤ lim
n→¥
8nrq
8n ∥x∥r
A·∥y∥r
A·∥z∥r
A = 0
for all x;y;z ∈ A. So
d(xyz) = d(xy)z−xd(y)z+xd(yz)
for all x;y;z ∈ A.
The rest of the proof is similar to the proofs of Theorems 4.1 and 4.3.
One can obtain similar results for the functional equationsCf(x;y;z) = 0 and Df(x;y;z) = 0.
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